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Abstract
In this article, we establish a sufficient condition for the existence of a primitive
element α ∈ Fqn such that the element α + α
−1 is also a primitive element of
Fqn , and TrFqn |Fq (α) = a for any prescribed a ∈ Fq, where q = p
k for some
prime p and positive integer k. We prove that every finite field Fqn (n ≥ 5),
contains such primitive elements except for finitely many values of q and n.
Indeed, by computation, we conclude that there are no actual exceptional pairs
(q, n) for n ≥ 5.
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1. Introduction
Let Fq denote the finite field of order q = p
k for some prime p and some posi-
tive integer k, and Fqn denotes an extension of Fq of degree n. The multiplicative
group F∗q of Fq is cyclic and its generators are called primitive elements of Fq.
The field Fq has φ(q−1) primitive elements, where φ is the Euler’s phi-function.
For α ∈ Fqn , the trace TrFqn |Fq(α) of α is defined by TrFqn |Fq (α) = α+α
q+
. . .+ αq
n−1
.
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In general, for any primitive element α ∈ Fq, f(α) (where f is any rational
function) need not be primitive in Fq, for example, if we take the polynomial
function f(x) = x + 1 over the field F2 of order 2 then 1 is the only primitive
element of F2, but f(1) = 0, which is not primitive. But for f(x) =
1
x , f(α)
is primitive in Fq whenever α is primitive. We call (α, f(α)) a primitive pair
if both α and f(α) are primitive. Much work has been done in this direction.
In 1985, Cohen [5] proved the existence of two consecutive primitive elements
in Fq with q > 3, q 6≡ 7 mod 12, and q 6≡ 1 mod 60. Chou and Cohen
[4] completely resolved the question whether there exists a primitive element α
such that α and α−1 both have trace zero over Fq. He and Han [10] studied
primitive elements of the form α + α−1 over finite fields. In 2012, Wang et al.
[14] established a sufficient condition for the existence of α such that α and
α + α−1 are both primitive, and also a sufficient condition for the existence of
a primitive normal element α such that α + α−1 is primitive for the case 2|q.
Liao et al. [12] generalized their results to the case when q is any prime power.
In 2014, Cohen [6] completed the existence results obtained by Wang et al. [14]
for finite fields of characteristic 2. In [9], Cohen proved that for every a ∈ Fq,
Fqn contains a primitive element α such that TrFqn |Fq(α) = a, if n ≥ 3, and
(q, n) 6= (4, 3). Moreover, if n = 2 or (q, n) = (4, 3), for every nonzero a ∈ F∗q ,
there exists a primitive element α ∈ Fqn such that TrFqn |Fq(α) = a. In 2014,
Cao and Wang [2] proved that for all q and n ≥ 29, Fqn contains an element α
such that α+α−1 ia also primitive, and TrFqn |Fq (α) = a, T rFqn |Fq (α
−1) = b for
any pair of prescribed a, b ∈ F∗q .
In this article, we consider the existence of a primitive pair (α, α + α−1) in
Fqn with TrFqn |Fq (α) = a for any prescribed a ∈ Fq. Precisely, we prove the
following main result.
Theorem 1.1. Suppose q = pk for some positive integer k and a prime number
p. Also suppose n ≥ 5 is a natural number. Then Fqn contains a primitive pair
(α, α + α−1) in Fqn with TrFqn |Fq (α) = a for any prescribed a ∈ Fq unless one
of the following holds:
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1. n = 5, and 2 < q ≤ 16 or q = 19, 25, 31, 37, 43, 49, 61, 71;
2. n = 6, and 2 ≤ q ≤ 25 or q = 29, 31, 61;
3. n = 7, and q = 3, 4, 7;
4. n = 8, and q = 2, 3, 4, 5, 8;
5. n = 9, 12, and q = 2, 3;
6. n = 10, and q = 2.
From Theorem 1.1, through computation, we have established the following
corollary.
Corollary 1.2. Let q = pk for some positive integer k, and prime p. Also
suppose that n ≥ 5 is a positive integer. Then for every a ∈ Fq, Fqn contains a
primitive element α such that α+ α−1 is also primitive and TrFqn |Fq(α) = a.
Throughout rest of the paper, we shall use the notation P for the set of (q, n)
(q = pk for any positive integer k) such that Fqn contains a primitive pair
(α, α+ α−1), with TrFqn |Fq(α) = a for any prescribed a ∈ Fq.
Clearly, (q, 1) 6∈ P as in that case TrFqn |Fq(α) = α. Hence for (q, 1) to be
in P, every pair (α, α + α−1) in Fq must be primitive, which is possible only if
q − 1 is prime. Moreover if q − 1 is prime then p = 2. Hence (1, 0) must be a
primitive pair, which is not possible. Also if n = 2, then there is no primitive
element with trace 0. Hence (q, 2) 6∈ P. Thus we may assume that n ≥ 3. For
the sake of simplicity, we have not dealt with the cases n = 3 and 4 in this
article, although we intend to return to them in a future paper.
2. Preliminaries
In this section, we give some necessary definitions, and results which will
be used throughout. For basics on finite fields, and additive and multiplicative
characters of finite fields, reader is referred to [13]. Throughout the section, q is
an arbitrary prime power. For any positive integer m > 1, we use the notation
ω(m) for the number of prime divisors of m. Also W (m) denotes the number
of square free divisors of m, i.e., W (m) = 2ω(m).
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Definition 1. Let e|q − 1. An element ξ ∈ F∗q is called e-free if ξ = γ
d for any
d|e, and γ ∈ Fq implies d = 1. Hence an element α ∈ F
∗
q is primitive if and only
if it is (q − 1)-free.
Following Cohen and Huczynska [7, 8], it can be shown that for any m|q−1,
ρm : α 7→ θ(m)
∑
d|m
µ(d)
φ(d)
∑
χd
χd(α),
where θ(m) := φ(m)m , µ is Mo¨bius function and the internal sum runs over all
multiplicative characters χd of order d, gives an expression of the characteristic
function for the subset of m-free elements of F∗q .
An expression of the characteristic function for the set of elements in Fqn
with TrFqn |Fq(α) = a ∈ Fq is given by,
τa : α 7→
1
q
∑
ψ∈F̂q
ψ(TrFqn |Fq(α)− a),
where the sums are over all additive characters ψ of Fq , i.e., all members of F̂q.
Since every additive character ψ of Fq can be obtained by ψ(α) = ψ0(uα),
where ψ0 is the canonical additive character of Fq and u is any element of Fq,
then
τa(α) =
1
q
∑
u∈Fq
ψ0(TrFqn |Fq(uα)− ua)
=
1
q
∑
u∈Fq
ψˆo(uα)ψ0(−ua), (1)
where ψˆ0 is the additive character of Fqn defined by ψˆ0(α) = ψ0(TrFqn/Fq (α)).
Next, we give some lemmas, which will be used in our main results.
Lemma 2.1. [13, Theorem 5.4] If χ is any non-trivial character of a finite
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abelian group G, and β is a non-trivial element of G then
∑
β∈G
χ(β) = 0 and
∑
χ∈Ĝ
χ(β) = 0.
Lemma 2.2. [3] Let χ be a non-trivial multiplicative character of order r and
ψ be a non-trivial additive character of Fqn . Let f, g be rational functions in
Fqn(x) such that f 6= yh
r, for any y ∈ Fqn , h ∈ Fqn(x), and g 6= h
p − h+ y for
any y ∈ Fqn , h ∈ Fqn(x). Then
∣∣ ∑
x∈Fqn\S
χ(f(x))ψ(g(x))
∣∣ ≤ (deg(g)∞ +m+m′ −m′′ − 2)qn/2,
where S is the set of poles of f and g, (g)∞ is the pole divisor of g, m is the
number of distinct zeros and finite poles of f in F¯q (algebraic closure of Fq),
m′ is the number of distinct poles of g (including ∞) and m′′ is the number of
finite poles of f that are poles or zeros of g.
3. Existence of Primitive Pairs (α, α+ α−1) in Fqn with Tr(α) = a
In this section, for every a ∈ Fq, we find a sufficient condition for the exis-
tence of primitive pairs (α, α + α−1) in Fqn such that TrFqn |Fq(α) = a.
Let l1, l2|q
n − 1. For any a ∈ Fq, let Na(l1, l2) be the number of α ∈ Fqn such
that α is l1-free, α+α
−1 is l2-free and TrFqn |Fq(α) = a. Hence we need to show
that Na(q
n − 1, qn − 1) > 0 for every a ∈ Fq.
Lemma 3.1. Let a ∈ Fq, and l1, l2|q
n − 1. Then Na(l1, l2) > 0 if q
n/2−1 >
CqW (l1)W (l2), where
Cq :=
 3 if q is odd2 if q is even.
Proof. By definition,
Na(l1, l2) =
∑
α∈F∗
qn
ρl1(α)ρl2 (α+ α
−1)τa(α). (2)
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Now (2) gives
Na(l1, l2) =
θ(l1)θ(l2)
q
∑
d1|l1, d2|l2
µ(d1)
φ(d1)
µ(d2)
φ(d2)
∑
χd1 ,χd2
χa(χd1 , χd2), (3)
where
χa(χd1 , χd2) =
∑
u∈Fq
ψ0(−au)
∑
α∈F∗
qn
χd1(α)χd2(α+ α
−1)ψˆ0(uα).
As we know that χdi(x) = χqn−1(x
ni ) for i = 1, 2, and some ni ∈ {0, 1, 2, · · · , q
n−
2}. Thus
χa(χd1 , χd2) =
∑
u∈Fq
ψ0(−au)
∑
α∈F∗
qn
χqn−1(α
n1(α2 + 1)n2(α)q
n−n2−1)ψˆ0(uα)
=
∑
u∈Fq
ψ0(−au)
∑
α∈F∗
qn
χqn−1(F (α))ψˆ0(uα),
where F (x) = xn1+q
n−1−n2(x2 + 1)n2 ∈ Fqn [x] for some 0 ≤ n1, n2 < q
n − 1.
If F (x) 6= yHq
n−1 for any y ∈ Fqn and H ∈ Fqn [x] then using Lemma 2.2, if
q is odd,
|χa| ≤ (4− 1)q
n/2 = 3qn/2.
On the other hand, if q is even, then x2+1 = (x+1)2 and this can be sharpened
to
|χa| ≤ (3− 1)q
n/2 = 2qn/2,
i.e.,
|χa| ≤ Cqq
n/2.
So let F = yHq
n−1 for some y ∈ Fqn and H ∈ Fqn [x]. Then
xn1+q
n−1−n2(x2 + 1)n2 = yH(x)q
n−1, (4)
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for some y ∈ Fqn and H ∈ Fqn [x]. Now (4) implies that (x
2+1)n2 |Hq
n−1. Hence
n2 = 0 or
xn1+q
n−1−n2 = y(x2 + 1)q
n−1−n2A(q
n−1), (5)
where A(x) = H(x)/(x2 + 1) ∈ Fqn [x]. From (5), we observe that (x
2 +
1)q
n−1−n2 |xn1+q
n−1−n2 , which is possible only if qn − 1 = n2, a contradic-
tion. Hence n2 = 0. Putting this in (4), we get x
n1+q
n−1 = yHq
n−1 ⇒ n1 =
(k1 − 1)(q
n − 1), where k1 is the degree of H(x). This is possible only if k1 = 1
and hence n1 = 0. Thus, in this case (χd1 , χd2) = (χ1, χ1). Additionally if, u 6= 0
then using Lemma 2.1, we get
|χa(χd1 , χd2)| = q − 1 ≤ Cqq
n/2+1.
Hence |χa(χd1 , χd2)| ≤ Cqq
n/2+1, when (χd1 , χd2 , u) 6= (χ1, χ1, 0). Thus,
using (3) we get
Na(l1, l2) ≥
θ(l1)θ(l2)
q
(qn − 1− Cqq
n/2+1(W (l1)W (l2)− 1)). (6)
Hence Na(l1, l2) > 0 if q
n/2 > q−n/2+1 +Cqq(W (l1)W (l2)− 1), i.e., if q
n/2−1 >
CqW (l1)W (l2). Hence the result follows.
In the next lemma, we give upper bounds for the absolute values of Na(sl, l)−
Na(l, l) and Na(l, sl)−Na(l, l).
Lemma 3.2. Let l|qn − 1 and s any prime dividing qn − 1 but not l. Then
|Na(sl, l)−Na(l, l)| ≤
Cqθ(l)
2θ(s)
q
W (l)2qn/2+1.
Also
|Na(l, sl)−Na(l, l)| ≤
Cqθ(l)
2θ(s)
q
W (l)2qn/2+1.
Proof. By definition, we have
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Na(sl, l)−Na(l, l) =
θ(l)2θ(s)
q
{∑
s|d1|sl
∑
d2|l
µ(d1)
φ(d1)
µ(d2)
φ(d2)
∑
χd1 ,χd2
χa(χd1 , χd2)
}
.
Using |χa(χd1 , χd2)| ≤ Cqq
n/2+1, we get
|Na(sl, l)−Na(l, l)| ≤
θ(l)2θ(s)
q
Cqq
n/2+1W (l){W (sl)−W (l)}.
Since W (sl) = 2W (l), we get
|Na(sl, l)−Na(l, l)| ≤
θ(l)2θ(s)
q
Cqq
n/2+1W (l)2.
Similarly
|Na(l, sl)−Na(l, l)| ≤
Cqθ(l)
2θ(s)
q
W (l)2qn/2+1.
Next, we obtain an extension of the sieving Lemma 3.7 of [6]. The proof follows
on the lines of Proposition 5.2 of [11], but is given again for completeness..
Lemma 3.3. Suppose l|qn−1 and {p1, . . . , pr} is the collection of all the primes
dividing qn − 1 but not l. Then
Na(q
n − 1, qn − 1) ≥
r∑
i=1
Na(pil, l) +
r∑
i=1
Na(l, pil)− (2r − 1)Na(l, l). (7)
Proof. The left side of (7) counts every α ∈ Fqn for which α has trace a and
both α and α+1/α are primitive. Thus, it counts 1 for every α for which α has
trace a, both α and α + 1/α are l-free, and for each i = 1, . . . , r, both α and
α + 1/α are pi-free. Observe that the right side of (7) scores 1 for each such
α, whereas, for any other α ∈ Fqn it scores an integer ≤ 0. This completes the
proof.
By taking l1 = l2 = q
n − 1 in Lemma 3.1, we see that (q, n) ∈ P, if
qn/2−1 > CqW (q
n − 1)2. (8)
We further improve this criterion.
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Theorem 3.4. Let l|q−1 and {p1, p2, . . . , pr} be the collection of all the primes
dividing qn − 1, but not l. Suppose δ = 1 − 2
∑r
i=1
1
pi
and ∆ = 2r−1δ + 2 and
assume δ > 0. If
qn/2−1 > CqW (l)
2∆, (9)
then (q, n) ∈ P.
Proof. From Lemma 3.3, we deduce that
Na(q
n − 1, qn − 1) ≥
r∑
i=1
{Na(pil, l)− θ(pi)Na(l, l)}+ {Na(l, pil)− θ(pi)Na(l, l)}
+ δNa(l, l). (10)
Using Lemma 3.2, we get
Na(q
n − 1, qn − 1) ≥
θ(l)2
q
{ r∑
i=1
2θ(pi)(−Cqq
n/2+1W (l)2)
+ δ{qn − 1− Cqq
n/2+1(W (l)2 − 1)}
}
.
Na(q
n − 1, qn − 1) ≥
θ(l)2
q
δ
{(2∑ri=1 θ(pi)
δ
+ 1
)
{−Cqq
n/2+1W (l)2}
+ {qn − 1 + Cqq
n/2+1}
}
.
Using δ = 2
∑s
i=1 θ(pi)− (2s− 1), we get
Na(q
n − 1, qn − 1) ≥
θ(l)2
q
δ{−Cq∆q
n/2+1W (l)2 + qn − 1 + Cqq
n/2+1}.
Since δ > 0, Na(q
n − 1, qn − 1) > 0 if qn/2−1 > q−n/2−1 − Cq + CqW (l)
2∆,
that is, if qn/2−1 > CqW (l)
2∆. So if qn/2−1 > CqW (l)
2∆ then for every a ∈ Fq,
Fqn contains a primitive pair (α, α+α
−1) such that TrFqn |Fq(α) = a, and hence
(q, n) ∈ P.
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4. Exploiting the condition (8) through calculation
From now on we abbreviate ω(qn − 1) to ω.
Lemma 4.1. Let m > 2× 1031 be a positive integer. Then W (m) < m2/9.
Proof. If m > 2 × 1031 then m2/9 > 223. Hence if ω(m) ≤ 23 then W (m) <
m2/9. So assume ω(m) > 23. Write m = m1m2, where m1 and m2 are coprime
with each prime dividing m1 one of the smallest 23 primes dividing m and each
prime dividing m2 one of the remaining ω(m) − 23 primes dividing m. Thus
W (m) = W (m1)W (m2), where m1 ≥ 2 · 3 . . . 83 and W (m2) ≤ m
2/9
2 , since
l2/9 > 2 for any prime l ≥ 89. Further, since m1 > 2 × 10
31, by the above
argument, W (m1) < m
2/9
1 . So W (m) < m
2/9
1 m
2/9
2 = m
2/9.
Theorem 4.2. Suppose q = pk, where k is a positive integer and p is any prime
number. Then (q, n) ∈ P for n ≥ 26.
Proof. First suppose q ≥ 16 (in addition to n ≥ 26). Then qn ≥ 1626 >
2× 1031. Hence by Lemma 4.1, we have
qn/2−1/W (qn − 1)2 > qn/18−1 > q4/9 > 3.4 > 3.
Hence (q, n) ∈ P for all q ≥ 16 and n ≥ 26.
Now suppose q is a prime power with 2 ≤ q ≤ 13. Write nq for the least
integer such that qnq > 2 × 1031. Thus n2 = 104, n3 = 66, n4 = 52, n5 = 45,
n7 = 38, n8 = 35, n9 = 33, n11 = 31, n13 = 29. Hence, as in the first part, for
n ≥ nq,
qn/2−1/W (qn − 1)2 ≥ qnq/18−1 > 3.
Finally, for each pair (q, n) with 2 ≤ q ≤ 13 and 26 ≤ n < nq, check directly
that (8) holds by evaluating the exact value of ω(qn − 1) in each case. (The
most delicate case is when q = 2, n = 28, ω(qn− 1) = 6, for this case we refer to
Table 1.)
This completes the proof.
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5. Odd prime powers q
Suppose q is an odd prime power so that Cq = 3. By Theorem 4.2, we may
assume that n ≤ 25. Initially, we suppose n ≥ 6. Throughout the rest of the
paper, we use R to denote the value on right hand side of (9).
To begin we give a lemma which echoes Lemma 4.1.
Lemma 5.1. Let m be a positive integer such that ω(m) ≥ 149. Then
W (m) < m1/8.
Proof. The product of the first 149 primes (the largest being 859) exceeds
M = 7.5 × 10358. Write m = m1m2, a product of coprime integers, where
all primes dividing m1 are amongst the least 149 primes dividing m and those
dividing m2 are larger primes. Hence m1 > M and m
1/8
1 > M
1/8 > 7.23× 1044,
whereas W (m1) = 2
149 < 7.14× 1044. Since l1/8 > 2 for all primes l > 859, the
result follows.
Theorem 5.2. Suppose q = pk ≥ 3, for some positive integer k and odd prime
p. Also suppose n ≥ 6 is a positive integer. Then (q, n) ∈ P for all pairs (q, n)
except (possibly) the pairs (3, 7), (7, 7), (3, 8), (5, 8), (3, 9), (3, 12) and (q, 6) with
3 ≤ q ≤ 25, and q = 29, 31, 61.
Proof. Assume first that ω ≥ 149. By Lemma 5.1 to satisfy inequality (9), it
suffices that qn/2−2n/8−1 > 3, i.e., qn/4−1 > 3 which easily holds unless q ≤ 9 if
n = 6 or q = 3 if n = 7, 8 (which would imply ω < 149).
We now assume that 18 ≤ ω ≤ 148. Then, in the situation and with the
notation of Theorem 3.4, take l to be the factor of qn−1 whose prime factors are
the least 18 primes dividing qn − 1. Thus r ≤ 130. Further, δ must be at least
the value obtained when r = 130 and {p1, . . . , pr} comprises those primes from
67 (the 19th prime) to 857 (the 148th prime), inclusive. Thus δ > 0.074703 and
R < 7.1517 × 1014. Now (9) holds if q > R(2/(n−2)) , i.e. if qn > R(2n/(n−2)),
so certainly if qn > R3 (since n ≥ 6), Hence, qn > 3.6579 × 1044 suffices. If
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in fact ω ≥ 30 then, qn − 1 is at least the product of the first 30 primes, in
which case qn > 3.1600× 1046. We conclude that (q, n) ∈ P whenever ω ≥ 30
or qn > (3.6579× 1044)(1/n) (at worst, when n = 6, q > 2.6743× 107).
We next assume that 7 ≤ ω ≤ 29 (and q < 2.6743 × 107). Repeat the
above process with ω(l) = 7 and r ≤ 22. Now, δ will be at least the value
obtained when r = 22 and {p1, . . . , pr} comprises those primes between 19 and
109 (inclusive). Thus δ > 0.12379 and R < 1.7171 × 107. As in the previous
case, it follows that (9) holds whenever qn > 5.0625× 1021. Now, if also ω ≥ 18
then qn > 1.17288× 1023. Hence we conclude that (q, n) ∈ P whenever ω ≥ 18
or q > (5.0625× 1021)(1/n); so that, at worst (n = 6), whenever q > 4144..
Next assumed that 4 ≤ ω ≤ 17 (and q < 4144).
Repeat the above process with ω(l) = 5 and r ≤ 12. Now, δ will be at least
the value obtained when r = 12 and {p1, . . . , pr} comprises those primes between
13 and 59 (inclusive). So δ > 0.13927 and hence R < 5.1348 × 105. Thus (9)
holds whenever qn > 1.35381×1017. Now if ω ≥ 15, then qn > 6.1148897×1017.
Hence we conclude that (q, n) ∈ P whenever ω ≥ 15 or q > (1.35381×1017)(1/n);
so that, at worst (n = 6), whenever q > 716.
If ω = 14 then, proceeding in the same way as above, we see that (9) is
satisfied with ω(l) = 5 and r = 9, for all q and n with ω = 14 or for q > 460 at
worst when n = 6.
Next we assume 4 ≤ ω ≤ 13 then repeating the above process with ω(l) = 4
we get δ > 0.11815 and R < 112040. Hence (9) holds whenever qn > 1.40643×
1015. Hence we conclude that (q, n) ∈ P whenever q > (1.40643 × 1015)(1/n);
so that, whenever q > 334, for n = 6; q > 145, for n = 7; q > 78, for n = 8;
q > 48, for n = 9; q > 32, for n = 10; q ≥ 25, for n = 11; q > 18, for n = 12;
q > 15, for n = 13; q > 12, for n = 14; q > 10 for n = 15; and q ≥ 9 for
n ≥ 16. Note that if ω ≤ 3 even then the pairs discussed above satisfy (9) with
l = qn − 1. Factorizing qn − 1 for the remaining values of q and n, we see that
(9) is satisfied by these pairs (q, n) for appropriate choices of l except the pairs
(q, 6) with q ≤ 25, q = 29, 31, 61; (3, 7), (7, 7), (3, 8), (5, 8), (3, 9), (3, 12). Some
illustrative cases are given in Table 1. Hence the result follows.
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We turn to the case in which n = 5. Here q− 1 and q
5−1
q−1 are coprime unless
q ≡ 1 mod 5 when their highest common factor is 5. Write q1 for the factor of
q5 − 1 all of whose prime divisors divide q − 1 and q2 = (q
5 − 1)/q1. Then all
primes dividing q2 are in the set S, defined as the set of primes congruent to 1
modulo 10.
Theorem 5.3. Let q = pk for positive integer k and odd prime p. Then (q, 5) ∈
P for q ≥ 17 except (possibly) for q = 19, 25, 31, 37, 43, 49, 61, 71.
Proof. By the same argument as in Theorem 5.2, we see that (9) is satisfied
for ω ≥ 149.
We proceed to the sieving argument. In this case observe that (9) is equiv-
alent to q5 > R10/3.
Perform two steps of the sieving argument as in Theorem 5.2 without regard
to the special nature of the primes in q2. Specifically, first assume ω(l) =
18 ≤ ω ≤ 148 and then ω(l) = 8 ≤ ω ≤ 31. Consequently, (9) is satisfied if
q5 > 3.39318× 1025, i.e., if q > 127679. But if ω ≥ 20 then q5 > 5.5794× 1026.
Hence (q, 5) ∈ P for all q with ω ≥ 20, or q > 12679.
Hence it can be assumed that ω ≤ 19, and q ≤ 126769. But q ≤ 126769
implies that ω(q1) ≤ 6.Moreover, since all primes dividing q2 are in S, it follows
that if ω(q2) ≥ 11, then q2 > 8.8245×10
20and so q > 172354, whence (q, 5) ∈ P.
Hence we can assume ω ≤ 16 with ω(q1) ≤ 6 and ω(q2) ≤ 10. Take ω(l) = 4.
and r ≤ 12. To obtain a minimum theoretical value for δ, regard l as involving
the first four primes 2, 3, 5, 7 and {p1, . . . , p12} as comprising the first 10 primes
in S, namely 11, 31, . . . , 191, together with 13 and 17, the next two primes not
in S. This yields δ > 0.30260 and R < 59910, whence (q, 5) ∈ P whenever
q5 > 8.4139× 1015, i.e., q > 1532. Further, if ω(q2) ≥ 8 then q2 > 1.2097× 10
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so that q > 3315. Thus, we can suppose that ω(q2) ≤ 7 and q < 1532 and
therefore ω(q1) ≤ 3 and ω ≤ 10. Repeat the above step with ω(l) = 3 when
the minimal value of δ is obtained when notionally l is divisible by 2 and 3 and
p1, . . . , p8 comprise the prime 5 and the first 7 primes in S. The outcome is that
δ > 0.20886 and R < 3544. Hence Therefore (q, 5) ∈ P if q5 > 6.7820 × 1011
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or q > 233. Now, as before, if ω(q2) ≥ 6 this is bound to be the case. We can
therefore assume that ω(q2) ≤ 5 and q < 233 so that certainly ω(q1) ≤ 3 and
ω ≤ 8. One more cycle of the sieving argument with ω(l) = 2 means we can
assume that q < 173.
To complete the proof for odd prime powers q we factorized q5 − 1 and
checked to see when (9) was satisfied for an appropriate choice of l (see Table
1). This was successful except for 3 ≤ q ≤ 13 and q = 19, 25, 31, 37, 43, 49, 61, 71.
6. Even prime powers q and conclusions
A Mersenne prime is a prime of the form 2n− 1 for some positive integer n.
Lemma 6.1. If 2n − 1 ≥ 7 is a Mersenne prime then (2, n) ∈ P.
Proof. If 2n− 1 is a Mersenne prime, i.e., if n = 3, 5, 7, 13, 17, 19 etc. then
every α ∈ F∗2n other than 1 is a primitive element of F2n . Also, if α ∈ F
∗
2n then
degree of its minimal polynomial over F2 is n ≥ 3. Hence α+ α
−1 6= 0, 1. Thus
α+α−1 is also primitive. Moreover, the trace map TrF2n |F2 is onto and inverse
image of every element in F2 contains 2
n−1 ≥ 4 elements in F2n and at least
three of them are primitive. Hence the result follows.
Theorem 6.2. Let q = 2k for some positive integer k, and n ≥ 5 be an integer.
Then for every a ∈ Fq there exists a primitive pair (α, α+α
−1) in Fqn such that
TrFqn |Fq (α) = a if (q, n) is not one of the pairs (2, 12), (2, 10), (2, 9), (2, 8),
(2, 6), (4, 8), (4, 7), (4, 6), (4, 5), (8, 8), (8, 6), (8, 5), (16, 6), (16, 5).
Proof. For even prime powers q (in comparison with odd prime powers) ar-
guments to verify the criteria of Theorem 3.4 are simplified, firstly, by the fact
that now we have Cq = 2, and, secondly, because q
n − 1 is odd, so that 2 is not
a prime factor. We assume (for convenience just now) that q ≥ 8, and give only
a brief outline based on Theorems 5.2 and 5.3. (For q = 2, 4, see below.)
Suppose n ≥ 6 and q ≥ 8 Assume first that ω ≥ 149. By Lemma 5.1 to
satisfy inequality (9), it suffices that qn/2−2n/8−1 > 2, i.e., qn/4−1 > 2 which
trivially holds.
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Hence we can assume ω ≤ 148. Perform a series of parallel steps as in the
proof of Theorem 5.2. The first deals with 28 ≤ ω ≤ 130 with a choice of
ω(l) = 18, the second with 17 ≤ ω ≤ 27 with ω(l) = 7, etc.
Eventually we reach the stage in which 3 ≤ ω ≤ 12 and q < (6.5413 ×
1015)1/n. With the choice of ω(l) = 3 and r ≤ 9, we conclude that (9) is
satisfied for all q > 136, whenever n = 6; for all q > 68, whenever n = 7; q > 40,
whenever n = 8; q > 27, whenever n = 9; q > 20, whenever n = 10; q > 15,
whenever n = 11; q > 12, whenever n = 12; q > 10, whenever n = 13; q > 8,
whenever n = 14; q ≥ 8 whenever n ≥ 15. Note that if ω ≤ 3 even then the pairs
discussed above satisfy (9) with l = qn− 1. Factorizing qn− 1 for the remaining
values of q and n, we see that (9) is satisfied by these pairs (q, n) (q ≥ 8) for
appropriate choices of l except the pairs (8, 6), (8, 8), (16.6). For delicate cases
we refer to Table 1.
Moreover, for q = 2, 4, and n ≤ 25, ω(qn−1) is calculated and checked to see
whether qn/2−1 > 2 · 22ω is satisfied, which is true for n ≥ 19 and n = 13, 16, 17
when q = 4; and for n ≥ 21 except n = 24 when q = 2. The pairs (4, n),
for n = 18, 15, 14, 12, 11, 10, 9 satisfy sieving inequality (9) with appropriate
choices of l. Hence (4, n) ∈ P for every n ≥ 9. For n = 19, 17, 13, 7, 5, 2n −
1 is a Mersenne prime, hence (2, n) ∈ P by Lemma 6.1 for these values of
n. Also (2, n) ∈ P, for k = 24, 20, 18, 16, 15, 14, 11 as these satisfy sieving
inequality (9) in Theorem 3.4 by choosing some suitable l except the pairs
(2,12),(2,10),(2,9),(2,8),(2,6),(4,8),(4,7),(4,6).
Finally, for n = 5 follow the argument of Theorem 5.3 (with Cq = 2), taking
special account of the fact that primes (other than 5) dividing q
5−1
q−1 lie in the
set S. This yields (q, 5) ∈ P for q ≥ 256. To complete the result it remains
to verify the result for q ≤ 128. For these values of q we factorize q5 − 1 and
see that (8) is satisfied for q = 32, 64, 128 (see Table 1). For q = 2, 25 − 1 is a
Mersenne prime. Hence (q, 5) ∈ P except for q = 4, 8, 16.
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(q, n) primes in qn − 1 ω(l) δ R(2/(n−2))
(2,28) 3,5,29,43,113,127 2 0.8510 1.5353
(23,5) 2,11,292561 1 0.8181 16.7325
(27,5) 2,11,13,4561 1 0.6638 23.5644
(47,5) 2,11,23,31,14621 1 0.6665 28.2351
(53,5) 2,11,13,131,5581 1 0.6487 28.6673
(59,5) 2,11,29,41,151,181 1 0.676 32.3226
(67,5) 2,3,11,761,26881 2 0.8154 53.4103
(169,5) 2,3,7,11,2411,30941 3 0.8172 134.4364
(27,6) 2,7,13,19,37,757 2 0.6841 24.2314
(37,6) 2,3,7,19,31,43,67 2 0.4681 31.9199
(41,6) 2,3,5,7,547,1723 2 0.3094 34.3799
(43,6) 2,3,7,11,13,139,631 2 0.361 35.9539
(47,6) 2,3,7,23,37,61,103 2 0.5210 30.4167
(49,6) 2,3,5,13,19,43,181 3 0.6833 48.4864
(53,6) 2,3,7,13,409,919 3 0.8390 39.0925
(59,6) 2,3,5,7,29,163,3541 3 0.6324 50.0923
(67,6) 2,3,7,11,17,31,4423 3 0.6355 49.9888
(71,6) 2,3,5,7,1657,5113 3 0.7126 41.6075
(73,6) 2,3,7,37,751,1801 3 0.9421 37.4567
(79,6) 2,3,5,7,13,43,6163 3 0.5136 54.7798
(11,7) 2,5,43,45319 2 0.9534 9.0596
(7,8) 2,3,5,1201 2 0.5983 6.9568
(9,8) 2,5,17,41,193 2 0.8232 7.2908
(11,8) 2,3,5,61,7321 2 0.5669 8.0382
(13,8) 2,3,5,7,17,14281 2 0.1964 12.1797
(5,9) 2,19,31,829 1 0.8278 3.6897
(7,9) 2,3,19,37,1063 2 0.8388 5.4673
(9,9) 2,7,13,19,37,757 2 0.6814 6.1812
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(q, n) primes in qn − 1 ω(l) δ R(2/(n−2))
(3,10) 2,11,61 1 0.7853 2.8909
(5,10) 2,3,11,71,521 2 0.7861 4.4758
(7,10) 2,3,11,191,2801 2 0.8069 4.4537
(3,11) 2,23,3851 1 0.9125 2.5151
(5,12) 2,3,7,13,31,601 2 0.4925 3.7864
(11,12) 2,3,5,7,13,19,37,61,1117 3 0.3665 5.7244
(32,6) 3,7,11,31,151,331 2 0.7343 19.2108
(64,6) 3,5,7,13,19,37,73,109 2 0.3553 32.4764
(16,7) 3,5,29,43,113,127 2 0.851 10.1377
(32,8) 3,5,11,17,31,41,61681 2 0.5872 8.2154
(4,9) 3,7,19,73 1 0.5816 3.5558
(16,9) 3,5,7,13,19,37,73,109 2 0.3553 7.3073
(4,10) 3,5,11,31,41 2 0.7048 4.1303
(8,10) 3,7,11,31,151,331 2 0.7343 4.3831
(2,11) 23,89 0 0.8905 1.6947
(4,11) 3,23,89,683 1 0.8876 2.4937
(4,12) 3,5,7,13,17,241 2 0.4344 3.5698
(2,14) 3,43,127 1 0.9377 1.8614
(2,15) 7,31,151 0 0.6365 1.582
(4,15) 3,7,11,31,151,331 2 0.7343 2.4828
(2,18) 3,5,17,257 1 0.4745 1.9316
(64,5) 3,7,11,31,151,331 1 0.4486 31.4651
Table 1: Pairs (q, n) satisfying (9), i.e., q > R(2/(n−2))
Combining the results of Theorems 4.2, 5.2, 5.3 and 6.2, we obtain our main
result Theorem 1.1.
For the exceptions listed in Theorem 1.1, we have computationally verified
the result using GAP 4r8[1]. Accordingly, we have established Corollary 1.2.
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Following Corollary 1.2, we have done some further computer verification
for pairs (q, n), n = 3, 4, qn < 226 = 6.7108 . . .× 107. The longest time to verify
a pair (q, n) was about 22 minutes (for the pair (401, 3)). Accordingly we end
with a conjecture that will be the focus of a subsequent study.
Conjecture 1. Let q = pk for some positive integer k, and prime p. Also
suppose that n ≥ 3 is a positive integer. Then with the exception of the pairs
(q, n) = (3, 3), (4, 3), (5, 3), for every a ∈ Fq, Fqn contains a primitive element
α such that α+α−1 is also primitive and TrFqn |Fq (α) = a. (The excluded pairs
(3, 3), (4, 3), (5, 3) are true exceptions.)
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